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Abstract 

Irreducible representations of quantum groups SL q (2) (in Woronowicz' 
approach) were classified in J.Wang, B.Parshall, Memoirs AMS 439 in 
the case of q being an odd root of unity. Here we find the irreducible 
representations for all roots of unity (also of an even degree), as well 
as describe "the diagonal part" of tensor product of any two irreducible 
representations. An example of not completely reducible representation 
is given. Non-existence of Haar functional is proved. The corresponding 
representations of universal enveloping algebras of Jimbo and Lusztig are 
provided. We also recall the case of general q. Our computations are done 
in explicit way. 
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0. Introduction 



The quantum SL(2) group is by definition a quantum group {A, A) that has 
the same representation theory as SL(2), i.e. all nonequivalent irreducible rep- 
resentations are u s , s = 0, 5, 1, . . . such that 

t+s 

dim u s = 2s + 1 , u* © u s « © w r , 

r=|t-s| 
step — 1 

s,t = 0, ... and matrix elements of it' generate A as an algebra with 
unity I. 

Putting t, s = 5 in the above formula one can see that there must ex- 
ist nonzero intertwiners A E Mor(u°, Q) mJ) and A' S Mor(u5 © u5, 
The operator A may be identified with a tensor A e A ® A, whereas the oper- 
ator E' with a tensor E' 6 K * (g) A"* , where A" w C 2 is the carrier vector space 
of it 2 . 

The classification of quantum SL(2) groups (described in the introduction 
of jl3| and repeated here) is based on consideration of these tensors. There are 
three cases: 

1. The rank of the symmetric part of A is 0. Then 

E = ei ® e 2 - e 2 <S> ei , 
E' = e 1 (gi e 2 - e 2 ® e 1 , 

where ei, e 2 is a basis in K , while e , e 2 is the dual basis in AT*. This case 
corresponds to the undeformed (classical) SL(2). 

2. The rank of the symmetric part of E is 1. Then there exists a basis ei, e 2 
in A such that 

A = ei ® e 2 - e 2 ® ei + ei ® ei , 
A' = -e 1 ® e 2 + e 2 ® e 1 + e 2 © e 2 . 

This case has been considered e.g. in 

3. The rank of the symmetric part A is 2. Then there exists 

q G C \ {0, 1, roots of unity} U {—1} and a basis e±, e 2 in A such that 

A = ei (gi e 2 — ge 2 <g> ei , 
A' = e 1 (gi e 2 - q e 2 (g) e 1 . 

This case has been considered in Jl2| and is recalled in section |l|. 
For q = 1 one obtains the case 1. 
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In all these cases A is the algebra with unity / generated by matrix elements of 
u = u5 satisfying the relations 

(u Qu)E = E, E'(u(j)u) = E' . 

When q is a root of unity and q ^ ±1, the representation theory of the case 3. 
is essentially different from that of SL(2). In this case these objects are am- 
biguously called quantum SL q {2) groups at roots of unity. They are considered 
in the present paper in section |2|. 

The basic facts concerning quantum qroups and their representations are 
recalled in the appendix |A|. The quotient representations and the operation ~~ 
are investigated in the appendix pi 



Basic notions 



The degree of a root of unity q E C is the least natural number N such that 
q N = 1. In the following we assume N > 3, i.e. q = ±1 are not roots of unity 
in our sense. We put 

[ JV if N is odd, 

No = < f if N is even, 

I +oo if q is not a root of unity. 

We denote by N the set of natural numbers {0, 1,2,.. .}. 



Results 

When q is a root of unity, then all nonequivalent irreducible representations of 
quantum SL q {2) group are v* © u s , t = 0, A, 1, . . ., s = 0, A, 1, . . . , ^f- — h. 
Here 



u = u 2 = 



a f3 
7 S 



and 



= 7)2 = 



iVo 
No 



5 No ) 



Moreover, v is a fundamental representation of a quantum group isomorphic to 
SL q /(2), where q' — q N ° = ±1. The following formulae hold 



U S (f) U « U 



t-h 



„t+h 



,s+4 



dim u* = 2t + 1 , 
dim u s = 2s + 1 . 



t = n i 1 s = i 1 



^ — 1. Let us summarize the main results of the pa- 



per. The basic decomposition of the representation u 2 2 ®« is described by 



u 2 2 © u w 

















V 





u 2 1 y 
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Moreover, the elements denoted by three stars and the matrix elements of 
the representations u 2 and v are linearly independent. Thus the repre- 
sentation u 2 "2 0m is not completely reducible. 
One has 

W f ©M S SJ U S © V t . 

We also describe the " diagonal part" of tensor product of any two irreducible 
representations of SL q (2). 

In sections |2.6| — 12.7| we describe representations of universal enveloping al- 
gebras of Jimbo and Lusztig corresponding to the irreducible representations 
of SL q {2). 

Remark. Let N be odd. Then the classification of irreducible representa- 
tions of SL q (2) is given in ||. Description of v as a fundamental representation 
of SXi(2) is also contained in ||. In the present paper we consider also TV even, 
prove our results in an explicit way and also show other results concerning rep- 
resentation theory of SL q {2) (see sections 2.1., |2.4|. — 12.7|.). 



1. The general case 

In this section we recall the theory of quantum SL q (2) groups for general q € 
C\{0},see@, @ andg. 

In the present section <jeC \ {0} unless it is said otherwise. 

We set K = C 2 with canonical basis ei, e 2 . We fix linear mappings E : C — > 
K®K and E' : K®K —* C in the same way as in the case 3. of the classification 
of quantum SL(2) groups in section [)]. 

E(l) — ei ® e2 - qe2 (8) ei , 
£'( ei ® ei) = , £'(e 2 ® e 2 ) = , 
E'(e 1 ®e 2 ) = l, E'{e 2 ®e 1 ) = -q 

Definition 1.1. A is the universal algebra with unity generated by Uij, i,j = 
1, 2 satisfying 

{uQ)u)E = E and E'(uQ)u) = E' , (1.3) 

where u = (uij)^ j=1 . 
Setting 

^ e M 2x2 (A) , (1.4) 
4 



(1.1) 
(1.2) 




the relations (1.3) take the form 



a/3 — q(3a , = qja , 
(35 = q5(3 , 7<5 = qSj , 

(1.5) 

Pi = IP , 
aS — qPj = I , 8a — |/?7 = / . 

Using ([lj]) one can easily prove the following 

Proposition 1.2. There exists unique structure of Hopf algebra in A such that 
u is a representation (this representation is called fundamental). 

Let 

f a k for k > , n 
afc = { S- k for fc < . (L6) 

A fe = span {a s /3 m 7™ : s £ Z, m,n e N, s + m + n < /c} , fc € N .(1.7) 



Proposition 1.3. Elements of the form 

a kl m (3 n , k£Z, m,n£N, (1.8) 
form a basis of the algebra A. Moreover 

k 

dim A fc =^(? + l) 2 . (1.9) 

;=o 

The proof is given in [jlJJ (Proposition 4.2.). 
Elements of the form 

a k S l (3 m , MeN, m£Z (1.10) 

are also a basis of the algebra A, where by definition 

f fj» form>0 
Pm ^ 1 7 - m for m < . { > 



This follows from the fact that each of the elements ( 1.1C| ) of a given degree 
(a degree of an element (1.8) or ( ft. .10 ) is the sum of absolute values of its 



indices) can be expressed as a finite linear combination of the elements ([L^) of 
the same or less degree and from the fact that the numbers of both kinds of 
elements of the same degree are equal. 
The above consideration shows that 

A p = span {a k S l f3 m : k + I + \m\ < p, k,l£N, m £ Z} for p £ N . 
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In virtue of (jy) EE' , id e Mor(u® 2 ,u® 2 ). One has (id- EE')(e l ®e j ) = 
e j ei , i,j = 1,2 for q = 1 . It means that id — EE' is equivalent to a trans- 
position in this case. Using this intertwiner one can investigate symmetric and 
antisymmetric vectors (vectors such that (id — EE')v ~ ±u ). For general q we 
are interested in intertwiners of the form a = id + XEE', satisfying the condition 

(cr id)(id a){a <g> id) = (id a) (a id) (id cr) (1.12) 

After some calculations one gets A = — q~ 2 , — 1. Taking A = — 1 one obtains 

cr = id - SB' 

(the other value of A corresponds to cr -1 ). Using ( |j~l| ) and (1.2) one has 



c(ei ei) = e\ e\ , 

c(ei e 2 ) = qe 2 e\ , 

cr(e 2 e x ) = ge! e 2 + (1 — c/ 2 ) e 2 ei 

cr(e 2 e 2 ) = e 2 e 2 . 



(1.13) 



It can be easily found that 

a 2 = (1 - q 2 )a + q 2 , (1.14) 

i.e. (cr - id) (cr + c/ 2 ) = 0. 

The eigenvalue 1 corresponds to symmetric vectors 

ei ® ei , c; ei e 2 + e 2 ei , e 2 ® e 2 , 

while the eigenvalue — q 2 corresponds to an antisymmetric vector 

e\ e 2 - qe 2 e\ ■ 

Let us define intertwiners 

<7 fc = id . . . id ® cr id . . . id , k = 1, 2, . . . , M - 1 (1-15) 

fe — 1 times Af — fe — 1 times 



acting in lf® M (M G N). This definition and the properties ( |1.14| ) and ( |l,12| ) 
of cr imply the relations of Hecke algebra: 

^=^, |/,--/U2. 
Cfe<Tfe + i(Tfc = a-fe + i(Tfe(Tfc + i , > (1-16) 

I fc,/ = l,...,M-l. 

a fc 2 = (1 - c/ 2 )cr fc + g 2 



G 



Let 



E k = id <g> . . ® id <g>£ 8) id ® . . . ® id , k = 1, 2, . . . , M - 1 . (1.17) 

fc — 1 times M — — 1 times 

= id g . . . ® id &iff' ® id g . . . g id , fc = 1, 2, . . . , M - 1 . (1.18) 

fc — 1 times M — fc — 1 times 

Let us define a subspace of symmetric vectors 

K % = K®»y™ M = {x & K® M : a k x = x , k = 1, . . . , M - 1} . (1.19) 

The intertwincr is an injection and therefore 

K% = { x g X» M : = , fc = 1, . . . , M - 1} . (1.20) 

K~ is equal to the intersection of kernels of intertwiners E' k , k = 1, . . . , M — 1, 
hence it is an invariant subspace of K® M . Thus one can define the subrepre- 
sentation 

= U © M , M . (1.21) 

In particular, u° = I , it? = u. 

Each permutation n g II (M) can be written as follows 



TV = t. 



1 < *i 

,i m e N 



, i w < M - 1 



(1.22) 



where tj — + 1) is a transposition and m = m(ir) is minimal. It is known 
that m(7r) is equal to the number of 7r-inversions. The intertwiner 

OV = 0i! ■ ■ ■ cn m (1-23) 



does not depend on a choice of a minimal decomposition (1.22), which can be 
obtained from ( 1.16| ) (cf [[ll], page 154). 

Let us define an operator of q-symmetrization Sm : K® M —> K® M given by 
(cf. §) 

s M = £ <r 2m( "W. (1-24) 

?ren(M) 



Proposition 1.4. (cr fc - id)S M = for fc = 1, . . . , M - 1. 

Proof. Let us call a permutation 7r g II(M) "good" , if 7r _1 (fc) < 7r~ 1 (fc + 
1) for fixed fc. A "bad" permutation is meant to be not a "good" one. If it = 
ti t . . .U l is a minimal decomposition of a "good" permutation into transposi- 
tions, then a minimal decomposition of the "bad" permutation tkir is t^t^ ■ ■ - U t 
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and m(ifc7r) = m(n) + 1, at k7r — <Jk&n- In such a way "good" and "bad" 
permutations correspond bijectively. According to ( |l.24| ), one has 



5' 



M 



E 

7ren(M) 

it is "good" 



'2 m(7r) 

(J 7] 



E T 2 ^V< 



7r'en(A/) 

7r is "bad" 



(id + g - 2 <T fe )^ 



where S'jjr' is defined in the first line of the formula. Using (1.16) one can check 

Q. E. D. 



the equation guSm = Sm- 



Corollary 1.5. Im Sm C K 2 . 

Let us define Fact^ for x £ C as follows 

Fact :c (Af)= J2 x2m(7T) 
iren{M) 

Using the mathematical induction one can prove 



Proposition 1.6. Facts (M) 



M 

n **±i 



M! 



Z = ±1 



(1.25) 



Corollary 1.7. Fact 1 (M) = if and only if M > N Q . 



Using ( 1.24 ), Proposition L4. and ( 1.25 ), one can obtain 
Proposition 1.8. S M = Fact ±{M)S M ■ 



Proposition 1.9. dimii" 2 = M + 1. 

Proof. For a given element x £ K® M one can write a decomposition 



E 



"il,...,»Af ^'l 



(1.26) 



ii,.->*M=l)2 



G C. According to ( 1.2C| ), the statement x £ K 2 is equivalent 



where a^ 1: .. 

to: Vfc = 1, 2, . . . , M — 1 iJJ.x = 0, which can be replaced by: for all k 
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1, 2, . . . , M — 1 and for all Xi lt ... t i M such that ik = 1 and i^+i = 2 the following 
holds 

k k 

X,. .12... = .21... i (1-27) 

where v denotes the fc-th position of an index. It means that all the coefficients 
•Eii,...,iM can be uniquely computed from the coefficients 21...1, Z1...12, ■ ■ • > ^2...2- 
One can conclude now that the thesis holds. r\ r^, 



Remark 1.10. The linear span Wi of ® . . . ® ej M , ji, . . . , jm = 1,2 with 
a given number I of m such that j m = 1, is invariant w.r.t. the intertwining 
operators a^, k — 1, 2, . . . , M — 1 as well as w.r.t. the operator Sm- 

The abov e remark can be directly obtained from ( 1.15|) , ( 1.13 ) and the def- 
inition (|l.24|) of Sm- 

Proposition 1.11. The following inequalities hold 

1. dimlmSM > M + 1 for M e N such that M < N Q , 

2. dimIm5Ar > N - 1 (for N a < 00). 

Proof. Let us fix M. Using Remark |l,10| . one can see that in a decom- 
position of 



S M (ei 



times 



ei ® e 2 ® . . .®e 2 ) 

M — k times 



0. 



,M 



(1.28) 



there are only the elements of the basis g 
ei equal to fc. 

It can be easily computed that an element e\ 



® ei,, that have the number of 



ei (8> e 2 



e2 has 



ti: 



M — k times 



the coefficient equal to 



Facti(fc) Facti(M - k) 



For M < Nq all these coefficients are nonzero and the elements ( L2j ) are linearly 
independent. In the case M = Nq one gets coefficients equal only for k = 
and k = N . Q E D 



Using Corollary 1.5., Proposition 1.11. and Proposition 1.9., we get 

Corollary 1.12. If M is a natural number such that M < No then 

dim Im Sm = M + 1 , 
Im Sm = K~ . 



Lemma 1.13. Let Lp be the intertwiner defined by 

<p:K s -i — >K S ®K , 
<p(x) = (S 2s ®id)(x®E(l)), xeK s -^, 

for given s = 0, i,l, . . . such that 2s < No — 1. Moreover, let the representation 
be irreducible. Then 

1. ker^ = {0} ; 

2. Ivcup corresponds to the representation u s ~? , 

3. ImipnK s+ ? = {0}. 

Proof. We compute 

<p{ei (g> . . . <g> ei) 

= S 2s (ei (g) . . . (g) ei) <g) e 2 - qS 2s (ei <8 ■ ■ ■ ® e x ® e 2 ) <g> ei 
= Fact i (2s) ei (g> . . . ® ei ® e2 — 



Fact i (2s - l)ei 



ei ® e 2 <S> ei + 



^0. 



Thus irreducibility of m s ~2 implies 1. The result of 2. is now obvious. 

Im^s corresponds to the irreducible representation u s ~2. Thus if 3. would 
not hold then ImipcK s+ i , because K s+ ^ is u s © u invariant (see ( 1.20| )). This 
implies cp(ei (8 . . . <g> ei) e K s+ ? . Applying ( 1.26 ) and ( 1.27 ) to the underlined 
elements of x = ip(ei ® . . . ® ei) one gets 

Fact i (2s) = q (-g)Facti(2s - 1) , 



which is impossible (see Proposition |l.q ). This contradiction shows 3. 

Q. E. D. 



Proposition 1.14. Let the representations u° , u^,...,u s be irreducible for 
fixed s £ y such that h < s < ^ — ^. Then 



1. 



u s (f) u w u s 2 u s +2 



£. £/ie representation u s+ i is irreducible. 
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Proof. 1. Using (1.20) one has 



K s+ ?cK s ®K. 



Applying the intertwiner <p of Lemma 1.13. one gets 

K s+ i ®lmip c K s ® K . (1.29) 

The dimensions of both sides of the inclusion are the same. This proves 1. 

2. Analogously as in 1. one has u % (J) u ~ u % ~^ © u I+ 2, i = ^,1, |, . . . ,s. 
Using the mathematical induction, u® 1 can be decomposed into a direct sum 
of some copies of «5, u^ -1 , . . ., or u°, I — 0,1, ... ,2s + 1. 

Therefore 

dimA 2;j+ i 

= dim span{(w®') fcm : I = 0, 1, . . . ,2s + 1 , k, m = 1, . . . , 2 1 } 

< dim span |tt| m : 1 = 0,1, ...,2s+l, k,m = 1, ...,(/ + 1)} (1.30) 



Comparing this with ( |1.9|) one obtains that the matrix elements of the repre- 
sentation w s+ 2 must be linearly independent and the representation u s+ ^ must 
be irreducible. Q E D 

Using the last proposition and the mathematical induction one can prove 

Theorem 1.15. The representations u s , s E ^r, s < ^ are irreducible and 
the following decomposition holds 

t ^ «— I »4-l Ao 1 

u s Q)uRiu s 2® u s + 2; s < _ _. 



Remark 1.16. In particular the representation u® M is a direct sum of some 
copies of representations u~ , u~~ x , . . ., uz or u° for M E N such that M < 
N . 

Using the above theorem and Proposition A. 2. in [|| one gets 

Corollary 1.17. Each representation of SL q (2) is a direct sum of some copies 
of u s , s E N/2, for q E C \ {0, roots of unity}. 



2. The case of roots of unity 

The complex number q is assumed to be a root of unity all over the section. In 
this case N is finite (see section ^) and N > 2. 



11 



2.1. The basic decomposition 

l.lq . one can see that a decomposition of u~~ 3 Q u 
may be completely different from the one in that Theorem. 
The aim of the present subsection is to find it. 

Let L be the subspace of K® N ° given by the formula 

L = span {e k ®...®e k £ K® Na : k = 1,2} . (2.1) 

One can see that dimL = 2 and LcK 2 . 



Lemma 2.1. Let ip be the following intertwiner 

y> : K~ — 1 — > R—~2 <g) if , 
(p(x) = {Sn -i <8> id) (a; © E(l)) 



W . 

/or x £ K 2 1 . TTien 



i. ker^ = {0}, 



2. Ivmp corresponds to the irreducible representation u~ 

3. K— = limp © L. 



Proof. 1. and 2. See Lemma 1.13 



3. One can easily check (in different manners for k — 1, 2, . . . , JVo — 2 and 
for k = N - 1) that 

£^(ei ® . . . <g> ei) = Q for k = 1, 2, . . . , N - 1 . 

It means that 

Nq 

Lp(ei ® . . . <g> ei) S #~ . (2.2) 

Moreover, the above element is different from zero. 

According to 2. limp corresponds to an irreducible representation and there- 
fore 

N a 

limpcK—. (2.3) 

Decomposing an element of Im <p into elements of the basis <g) . . . ® ei No , 
ii, . . . , ijv = 1) 2, one can see that the elements e k ® • ■ ■ ® e^, = 1, 2 have 
the coefficients equal (we use Remark l.ldj ). Thus 

limpDL = {0} . 

Calculating the dimensions one can prove 

JV 

K~ — limp © L . 
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Q. E. D. 



Remark 2.2. Let Sm> M £ N be an intertwiner defined as follows 



Sm — Sm\ m_i 

\K 2 2 ®K 



K 



K 2 



One can prove 



«0 



Im ip — Im Sn = Im £W £ K 2 = ker 5at C ker SW 



which gives (cf Proposition l.t ) the equalities = 0, Sjy = 0. T7ie situation 
for M < No was completely distinct: Sm was proportional to a projection and 
hence 

Im S M © ker S M = K® M , 
Im S M © ker S M = K^'i <g> fiT . 



Proposition 2.3. Lei 



.,Na 



pN 
S N 



(2.4) 



Then v is a quotient irreducible representation of a subrepresentation of 



u 2 



corresponding to the quotient space 2 fi m( p ~ L. 



In virtue of (1.21) K 2 is a 2 " 



Proof. 

Using Lemma 2.1, one can see that K 2 fi 



mip 



u-invariant subspace. 

L corresponds to a rep- 
resentation. Its matrix elements are the matrix elements of the representation 
u® N ° that appear at the intersections of columns and rows corresponding to 
e\ <g> . . . ® e\ and ei ® 
ments of the basis (1. 



. ® e-2 and are given by (2.4). The elements of v arc elc- 
of the algebra A and therefore v is irreducible. 

Q. E. D. 



Lemma 2.4. Let us define an intertwiner 

E'm-i = E'm-l 



K 2 2 g)Jf 



m = 2, 3, . . .. Then 



1. \zTE< m _ x =K^ 
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2. \mE? m _ 1 = K^- 1 , 

3. Im_B^ J _ 1 corresponds to the representation u"" 1 . 



Proof. 1. follows from ( 1.20Q and the definition of E' m _ v 
2. One can see (cf 1.27) that 



One has 



dim (if ™ 2 (gi X) = dim ker + dim Im E' m _ 1 



(2.5) 



3. follows from (1.21) 



Thus dimlm-E^-L = m — 1 (see Proposition 1.9.). That and ( |2.5D prove 2. 

Q. E. D. 



Corollary 2.5. The following decomposition holds (cf Appendix^.) 

^44 „ _ i 



it CD u ~ u 2mu^2 



for s 



2> ' ' 



Proof. We notice #™ 2 ® ^/kerE^ « Im #m-i and set s = f - |. 

Q. E. D. 



Corollary 2.6. TTie quotient space (K 2 2 K)/k^t corresponds to the 



rep- 



N 

resentation u 2 L J which is irreducible. 
Theorem 2.7. 





' U 2 






iV 1 
















£o_l J 

U 2 / 


2. u 2 w u 2 Q 









5. j4/Z elements denoted by three stars are linearly independent from each 

Nq 

other as well as from the matrix elements of the representations u 2 
and v. 



Proof. 1. and 2. We use Lemma 2.1., Proposition 2.2. and Corollary 2.6 
3. Using Theorem 1.15. one can see that the representation u® N ° decom- 





«0 _ 1 



poses into some copies 0111 2 2 (j) u, u 2 , it 2 



., U2 or it 
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The following is obvious 

A No =span{( W ®%- : k = 0, 1, . . . , N , i,j = l,2,...,2 k ), 

where Ak is defined by Ql.7|). 

According to Remark 1.16. and 1. of Theorem 2.7. one has 



span 



V f = 1, 2, 

/elements denoted\ % , _ ' „ ' ' , 

(by three stars J ' U * : * = 0, 1,2, . . . , JV - 1, 

«, J = 1,2, . . . ,k + 1 



Comparing the dimensions of both sides one gets 3. (see (1.9)). 



Q. E. D. 



2.2. Irreducible representations 

Proposition 2.8. Let A' be the subalgebra of A generated by the elements 

a' = a Na , (3' = P N ° , V = 7^° , 8' = 5 N ° . 
Then A' is isomorphic to the algebra A for the changed parameter q' = q N " 
Remark. The new parameter q' may be equal ±1. 



Proof. Using Proposition |l.3| . one can see that the elements a' k ^' m (3' n , 
k £ Z, m,n € N, are linearly independent in the algebra A', where a' k are 
defined in analogous way as ak (see ([0|)). 

It suffices to prove that the elements a' , (3', 7', 8' fulfill the relations (1.5) for 
the new parameter q' . The first five relations are immediate to prove, the last 
two will be considered now. 

One has the following equation of polynomials 

N -l 

U(l + q 2j x) = 1 + ^'-V 1 . (2.6) 
J=0 

Using the mathematical induction one can obtain 

No-l 

a N 05 N = -Q {l + q 2j {q(3l))i 



which using (2.6) can be written as 

a N °5 N ° =I + q N h No ~/ No ■ 
This corresponds to the last but one relation of ([D^). The last relation can be 
proved in a similar way. Q E D 
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Remark 2.9. One can easily check that A 1 is contained in the center of A for 
q being a root of unity of an odd degree. 



Using the notations introduced in Proposition 2.£., representations v s , s 
0, h, 1, . . ., can be defined in an analogous way as the representations u s , s 

o,±,i,. 



(but for the parameter q' = q N o , see (1.21)). 
According to Theorem 1.15. one has (-/V = +oo for q = ±1) 



Corollary 2.10. The representations v s , s 
over the following decomposition holds 



0,^,1,. 



are irreducible. More- 



Proposition 2.11. The representations 



w*©u s , * = 0,i,l,. 
are irreducible and nonequivalent. 



0,il,. 



No 
2 



Proof. Is suffices to prove linear independence of matrix elements of rep- 



resentations v 



s i = nl 1 « = nl l 



,. — , 2 . But matrix ele- 

ments of © m s belong to ^4jv 2t+2s and the numbers N 2t + 2s are different 
for different pairs (i, s). Therefore we need to prove (for given t, s) the linear 
independence modulo A^ 2t+2s-i of the matrix elements 

K © u * W = 4 M « < *,J = 1,2,...,2* M = l,2,...,2« 

which is equivalent to the linear independence (in our sense) of the elements 

a No a0 Nab 'Y Noc akF n 'Y n , (2-7) 

where a, k £ Z, 6, c, m, n 6 N are such that |a| + 6 + c = 2< and \k\+m + n = 2s 
(matrix elements of u s modulo A2S-1 are basis of ^ 2s /A 2s -v c ^ (1-30); similarly 
for u*). 

Doing some computations one can see that the linear independence of the el- 
ements (2.7) is equivalent to the linear independence of the elements 



(1) {a No ) a {f3 N °) b {~/ N °) c a k p m j n , 

(2) (5 N °) a {p N °) b { 1 N °) c 5 k (3 m 1 n , 

(3) (a Ar «) a ~ 1 (/? Ar °) b (7 Ar °) C aNv-kpm+k^n+k 

(4) (6 No ) a ~ 1 (/3 N °) b ('Y No ) c o~ N 0-k pm+k^n+k ^ 



a > 1 or k > 1, 
a, k > 1 , 
a, k > 1 , 



where a, 6, c,k,m,n £ N are such that a + b + c = 2t and k + m + n - 
The above elements are proportional to some elements of the basis (1.8). 



2s. 



1G 



It can be easily seen that the elements (1) and (3) are of a different form 
than the elements (2) and (4). 

Moreover the elements may be characterized by the number being the sum 
of the powers of the elements: /3, 7 and a (or S), where we do not take into con- 
sideration a N °, P N ", 7^°, 8 °. The number 2s corresponds to the elements (1) 
and (2), the number Nq+2s corresponds to the elements (3) and (4). Remember 
that 2s < N„. 

The elements (1), (2), (3) and (4) have the degree N$2t + 2s, hence they are 
independent modulo Ajv 2t+2s-i and the proof is finished. n F r> 



2.3. All irreducible representations 

Let 

A C o„t = {a E A : r(A(a)) = A(a)} , 

where r : A eg) A — > A® A is a linear mapping such that r(a ® b) = b®a for all 
a,b E A, A is the comultiplication. 

Lemma 2.12. 

A ccnt = span|Tr(«*@ W s ) : t = 0,^,1,- •■ , s = 0, i 1, . . . , ^ - ^| . 
Using the above lemma, the fact that traces of all irreducible representations 



form a linearly independent subset in ^4 cen t and Proposition 2.11., one obtains 



Theorem 2.13. The representations 

v 1 ®^, < = 0,i,l,..., s = 0,i,l,...,^-i 

are all nonequivalent irreducible representations of the quantum group (A, u) for 
q being a root of unity. 



Note that for q = ±1 the above theorem is also true. In this case one could put 
N = 1 and u = v. 
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Proof of Lemma 2.1Z. 



rem 



1.15 



Due to Corollary 2.10., Theorem 2.7. and Theo- 



Tr 0* © u s ) = Tr (V) Tr (V) , 

s = I 1 Mo _ I < = I l 

a 2 , -l, . . . , 2 2 ' 2 ' ' ' 

Tr («*+*) = Tr(v*) Tr (u) -Tr^ 4 "^) , 

Tr(w) = Tr(u^-i) Tr (u) - 2Tr(u^~ 1 ) , 
Tr<y+5) = Tr(u s ) Tr (u) -Ti{u s ~^) , 

S= i 1 ^ - 1 f = ± 1 

a 2' '■'■'2 ' 2''' 

Tr (m) = a + 6 . 
We get that the statement of the lemma is equivalent to 
A ccnt = span {(a + S) n : n = 0, 1, 2, . . .} . 
Let us consider a linear mapping ip : A —> A(S> A defined as 

i/j = A - r o A , 



(2.8) 



The equation (2.9) is equivalent to 

ker^ = span {(a + 8) n : n = 0,1,2,...} 
for P = 0,1,2,. 



(2.9) 



(2.10) 



(2.11) 



Let V P 



the following 



The equation (2.11) can be replaced by 



VP = 0,1,2,. 



kerV'p = span {(a + 5) n : n = 0, 1,. ..,P} . 



Note that dimker-0 p > P + 1 (because (a + 5) n G ker-0 p ). Thus the above 
equality follows from the inequality 

dimlmV'p > dimA P - (P + 1) , (2.12) 



which we are going to prove now. 

The comultiplication A of the Hopf algebra A is given by 

A (a) =a®a + /3®7, A(<S) = 7 <g> (3 + S ig) S , 
A(f3) =a®{3 + [3®5 1 A(7) = 7 <8> a + 6 <8 7 . 

Let us take into account elements of the form 

A(a k S l p m ) , fe .1 G N , m G Z , such that fc + Z + |m| < p , 

for certain p G {0, 1,2,..., P}. There are two cases 



(2.13) 
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1. m^O. Using and ( |2.13D one has 



A(a k d l p m ) = ca k+m j l g a k (3 m+l + (elements with at least one 5) + X , 
A(o: fe ^7 ro ) = da k f n+l ® q k+m (3 l + (elements with at least one S) + y , 
where c, d G C , c,d^0, x, y e ® A p + v4 p ® A p -i . 

2. m = 0, Z > 1. 

A(a fc <5 z ) = a fe 7 Z ® a fc /3 z + (elements with at least one 5) + x , 
where x <E A p -i ® A p + A p ® A p -i . 

One can easily see that the underlined elements and the elements one gets 
acting with t on, are linearly independent for k, I € N, m 6 Z such that 



k + l+ \m\ < p (m ^ or Z > 1), p = 0, 1, . . . , P (see the basis fll.lOD ). Hence 
the elements & p (a 6 /3 m ) are also linearly independent. We have n ot co nsidered 
only the eleme nts ^ p (a k ), k = 0,1,...,P. Thus we just proved ( |2.12| ) as well 

Q. E. D. 



as the Lemma [2.12 



2.4. More about irreducible representations 

In this subsection we describe the " diagonal part" of tensor product of any two 
irreducible representations of SL q (2). 
Using ( 1.27 ) one gets that 



E 



#{fc:U=2}=i 



(2.14) 



i = 0, 1, . . . , 2s, form a basis of K s , where denotes the number of elements 
in a set B. Analogous basis elements for v* are called 



e' (4) , i = 0,l,...,2t, 
where e^, fc — 1, 2 are replaced with 

4 = e fc ® . . . ® efc , fe=l,2, 

TVn times 



(2.15) 



(2.16) 



and g is replaced by g' = 5 in the formula (2.14) 
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Proposition 2.14. The representations v l © u s and u s ® «*, t = 0, |, 1, . . ., 

s = 0, i, 1, . . . , ^ — |, are equivalent. An invertible interwiner S satisfying 



(S ® 7)(m s © «*) = («* © u s )(S ® /) 



is (m £/ie &ases consisting of tensor products of (2.14) and (2.15)) given by 

a.. - l n No\1it+2isr. r 

where 5 a b = 1 /or a = b and otherwise. Note that q N ° — ±1. 



Proof. One can easily compute the rules (see (1.5), cf Remark 2.9.) 





6a No , 


a w °/3 = 


f3 a N ° , 


a Wo 7 


= g^ 7 a w ° 


0*° a = 


, 


/3^° = 


g w p f 


jS No 


= a w ° ^ 7 , 


a/?" = 


q N pN a ^ 




q N s p No : 


[3 N °-f 


= 7/3*°, 


aT"" = 




7 W °5 = 






= /3 7^° . 


One has 













uei = ei <8> a + e2 ® 7 . 
w e 2 = ei ® /3 + e 2 <8> <5 . 



(2.17) 



(2.18) 



Let (u s )ij G A be matrix elements of u s given in the basis ( [2.11 ), i.e. 

3 has 

{u s ) lj = y ] a klr a k (3 l j r , a k ir G C . (2.19) 



£ 

fceZ, z,reN 

2+r=i — j (mod 2) 
fc|+;+r=2s (mod 2) 



The only elements that change the quantity of e 2 in e^*) are [3 and 7 (see ( 2.18|) ) 
(this corresponds to th e fir st condition in the above sum). If a "meets" 5 they 
produce ^7 and / (see |l.5[) ( this corresponds to the second condition) . 

Similarly, replacing ( 2.14 ) by ( 2.15 ), one gets that (v t ) mn is a linear combi- 
nation of a Nokl p No Jjy^° r wi th l' + r' = m-n(mod 2), \k'\+l' + r' = 2t(mod 2). 

Using ( p.lj ), ( |2.17fl and ( |2.19| ), one can obtain 



(«')«(«%« = (g JVo ) 2s( "- m)+2 * ( ^ l) (^)mn(w S ). i 



Q. E. D. 



Remark. The equivalence of representations v © u s and u s © u follows 
also from (2.5) and Proposition B.4. 



Using Proposition 2.14., Corollary 2.5. and Corollary 2.1C. one gets 
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Proposition 2.15. t+t , s+s , 

(v*©w s )® («*' ©u s ') « © © t> r ©u' r ', 

r"= | i — t | r — |s— s | 
step — 1 step — 1 

(t' = i 1 s s' = i 1 - - 

? 5 2''"°" ' ' ' 2 ' ' * * * ' 2 2' 

f/or s = s' = w;e can omit ). 
Proposition 2.16. 

f = I 1 S = (1 I 1 ^0—1 

i/ 2i- L ;- , '7 ° w ) 2 ' ' * * * ' 2 ' 

where the representation v* © u s is no£ a subrepresentation of u tNo+s (this is 
only the quotient representation). 

Proof. Using mathematical induction one can easily prove the decompo- 



sition of the thesis (cf Corollary |2.5| . and Theorem 2.7.2.). It remains to prove 
that the representation v t © u s is not a subrepresentation of u tNa+s . 

Let B be an algebra with unity / generated by two elements a, a -1 such 
that aa^ 1 = a^ 1 a = I. Let F be a homomorphism of A into B such that 

F(a)=a, F(<5)=a~\ F(/3) = , F( 7 ) = . 

One can obtain (cf (fH|)) 

F(u) ei = ei © a , F(u) C2 — C2® a , 
F(u s ) e (i) = e w © a 2s " 21 , F( V S ) e' (<) = e' {i) © a^" 2 ^ , 
s = 0,i,l,..., i = 0,l,...,2s. 

Assume that there exists an invariant subspace W of K tNa+s corresponding to 
v l Q)u s . Using F one can prove that e( ) belongs to W. On the other hand 
(cf and ( pTl^) ) 



i=0 

where r = tiVo + s in our case (it suffices to compare the elements multiplying 
ei © . . . e\ © e2 © . . . e2). The coefheients o? r ~ % ^ % (i = 0, 1, . . . , r) are linearly in- 



dependent (see Proposition 1.3.). Thus W is not an invariant subspace. 

Q. E. D. 

Remark. A related fact at the level of universal enveloping algebras is given 
in Proposition 9.2 of Hj. 
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One can prove 

S M {<Jk - id) = for k = 1, . . . , M - 1, M € N 



in a similar way as Proposition 1.4. Let i±, . . . , im = 1,2 be such that #{£; : 
ik = 2} = m. Using ( 1.13Q one gets 



m 



= q -#{ M : r<t, v>, t } g Mei 



ei e 2 ® • • • QS> e 2 



On the other hand (cf Corollary [La. and the proof of Proposition 1.11.) 



S M ei 



ei 05 e 2 



e 2 = Fact i (M — m) Fact i (to) e( m ) 



Thus Im Sjv/ = span {e( m ) : M — N < m < N }. Therefore Im5 l 7v + 2s is 
a carrier vector space of -u - ^ - " -1 in Proposition 2.16| . for i = |, < s < ^ — 1. 
Moreover, S M = for M > 2N - 1. 



2.5. Haar measure 

Theorem 2.17. TTie quantum group SL q (2) does not have the Haar func- 
tional. 

Proof. Assume that the Haar functional h does exist. Let us take into 

1 

2 ' 



consideration the representation u tNo+s of Proposition 2.16. for t = i, s 



N„ 



1. One has an explicit form 



where / is a subrepresentation of u 0_1 . Applying h to 
(h ® /i)A = /i, hence P = (id <g> /i)u JVo_1 is a projection. But 



) one obtains 



TrP 



= hTru^'- 1 = hTru^- 1 

= Tr(id® h) I® [vQ)u— - 1 

= Tr (1 © © . . . © 0) = 1 , 



and P«1©0©...©0. Applying ( |A3| ) to u""" 1 , one obtains Pu^'^ 1 
u N -ip = p / an d 



No-l 



Ii 



111 2 



in contradiction with Proposition 2.16 



Q. E. D. 
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2.6. Enveloping algebra 

In this subsection we describe representations of U q sl(2) corresponding to the ir- 
reducible representation of SL q (2). 

Let us recall (cf ||, 0) that quantum universal enveloping algebra U = 
U q sl(2) is the algebra with identity 7 generated by q? H , q~z H , J + , J - , satis- 
fying 

1 TJ 1 TT 1 TT 1 TT 

qi n q 2 n — q 2 n qi n = I ; 
q^ H J ± q~^ H = q ±x J ± , 

u+.j-} = (q2 ] -v } 

with Hopf algebra structure given by 

A q ± ^ H = q ± ^ H (g) q ± ^ H , 

AJ ± = q? H (g) J ± + J ± <g> . 

There exists (cf Q, unique bilinear pairing U x A 3 (I, a) — > (/,a) G C 
satisfying 

(M 2 ,o) = ® ^2 , Ao) , 
(i , aia 2 ) = (AZ , ai ® a 2 ) , 
i, Zi, Z 2 G U , a, ai, a 2 € A , 

, a) = q§ , (q? H , S) = q~* , 

{q-^ H , a) = g-5 , (<T^ H , 5} = q^ , 

(9* ff ,I) = l, (g-i ff ,/) = l, 
(J-,-y) = q-K (J+,/3> = ^, 

g5 H , q~^ H , J + , J~ vanish at a, /3, 7, 5, 7 in all other cases (nonzero of |J arc 
given by 

Z n( a ) = £22(0) = , a) , Zf 2 (a) = (g - q- 1 ) (J- , a) , 

&(<*) = fli(a) = (<T^,a) , Gi(a) = -(^-T 1 ) (^ + , a) , 

a G A. X±, 7C of |2| correspond to q T ^ J ± , g^ ). We shall write Z(a) instead 
of (I , a). 

For any representation w of the quantum group we introduce a unital rep- 
resentation n„ of the algebra U by 

[n w (Z)L- = l(u>ij) = [(id® l)w] u , i,j = 1,2, ...jdimiy. 
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We are going to describe H w for any irreducible representation w of SL q (2). Let 
us fix s = 0, i, 1, . . . , ^ — |. One can obtain 

A< 2 V* H =9 ±ii? ®-..®g ± ' H , (2.20) 



2 s 



A (2«) j± = (g) . . . (8 ^ ® J± ® q~? H (8) ... (8) . (2.21) 



2s — m times 



Using ( |2 . 2C| ) one can show that 

(id®g ± 5 H )«'e W) =g ± ('-^e C7 - ) , j = 0, 1, . . . , 2s . (2.22) 
Using ( [2.21 ) one has 



m _i \ / \ y 



m — 1 times 

0\ / q-i \ 

_i <8> y n i <g>...(g> * i 



2s — m times 



On the other hand 



2 s 



(id® J") u s e U) = J'«j) Hm) ■ ( 2 - 24 ) 



m=0 



Thus J (m^jj) equals to the coefficient multiplying e\ ® . . . ® e\ ® e 2 <8> ■ ■ ■ <8> e 2 . 
Considering ( |2.23 ), that coefficient can be nonzero only for m = j + 1, j < 2s 



(cf (gig)). In that case it is obtained from the following explicitly written part 



of e U) 



e U) ~ 1 r ei ® ■ ■ ■ ® ei ® e 2 ® . . . ig) e 2 ge i g e 2 g . . . g e 2 - 

— 2s — m times m times 

Doing some computations, 

_! 1 - g-W) 



1-9 



-2 



j < 2s. Doing similar computations for J + and using ( [2. 22 ) one obtains 

H u s(q^ H ) e{j) = q ±{s - f) e (j) , 

U u s(J~) e (j) = if~ i_1 [j + 1] ey+i) , 
IMJ+)e (i) = ^-'pa-j + ljey.!), 
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.1=0,1, 
one has 



, 2s, where [/] = q q _^_ 1 , e (2s+1) = e ( _ 1} 



0. Using ( p0| ) and 



(id (g) g 



(id <g g ± 5 H ) v e' 2 



■2 I 



(id®J ± )we- = 0, i = 1,2 



Therefore (cf (gig)— (gig)) 

IM^*") e' (i) 

iMJ*) e' f 



0, i = 0,l,. 



,2t . 



t = 0, h, 1, Thus for iu = u* © m s we have 

iM^i* 



II™ (J- ) e 

n tt (j+) e 



:) qs eyj = r' uv " J 1j + 1] e' (i) ® e (j+1) , 



) ® e (j) = 9 



JV (t-i)+s-j-l 

iVo(*-0+i-»[2a_j + i] e ' f 

2 



(i) ® e 0"-l) > 



i = 0,l,...,2t, i = 0,l,...,2s, i = 0,±,l,..., s = 0,§,l,...,^-± 



Hence IIu, w 7r_t©7r_t+i©. . .©tt*, where 7r r , r £ Z/2, is the (2s + l)-dimensional 
representation of U described by (1) in j7j, with uo = q N ° r G {1, — —i} (for 
s = y - | we take (2) for even roots or (4) for odd roots instead of (1), 
/i = 2(* + N r), a = p = 0). 

2.7. Enveloping algebra according to Lusztig 

Let us introduce the generators of 0] as follows: 



E = q^q^ H J + , F = q-^J~q~^ H 



K= [q 



(2.25) 



One can compute: 



KR- 1 = K~ X K = 1 , 
KEK- 1 =q 2 E , KFK- 1 =q- 2 F, 
EF — FE = K-*^ , 

9-9-1 ' 



AE = K ® E + E <g> I , 
AF = F <g> R- 1 + I <g> F , 
AK = K®K. 
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Let Ul be the Hopf algebra over C{q) generated by E, F, K ±x satisfying 
the above relations, where q is an indeterminate (v in Q) commuting with every 
element of Ul ■ 

We also have a bilinear pairing Ul x A 



(K ,a) = q, 
(K- 1 ,a)=q- 1 , 
(E,(3) = qi, 
(K ,I) = (K- 1 ,/} = ! 



C(qi) : 

(K,6)=q-\ 
(K- 1 ,S)=q, 
(F, 7 ) = g -i, 



and zero for the rest of combinations. According to Q Ua is C[g, g : ] algebra 
generated by: 



if , if" 1 , E, F, EM = 



E 



M 



[M}\ ' 



p(M) 



[M]! ' 



where M = 2, 3, . . . and [A/]! = n£i ^fr = <T^+* Fact 8 (M) e C[g, (T 1 ]. 
We think about A also as C[g,q _1 ] algebra. 

Using the mathematical induction w.r.t. n, I, m one can derive the formula 
(a corrected version of (13) of for a bilinear pairing Ua X A — > C[<p, ; 



(E k K t F i , a„/3 Z 7 m ) 

[ft]! [i]! g |(fc-'0-t(fc+«)+"(t+fe)4 ; 4 



n < 



! [«]! (fc-j)-t(fc+i)+n(t+fe)-(fe-0 

Fact i (n) 

2 

Fact i (fc-i)Fact x ( n -k+i) 

q q 
(dk-1,0 + 8k-l,l + ■ ■ • + 5k-l,n) 8k-l,i-m 



(2.26) 



n > 



In the same way as in section 2.6 we get: 



J 



0,1,. 



a 



• : ^5, ^ — 0, 2 , 1, 

[3 M 



n uS (£7) e U) = qi [2s - j + 1] e (j _ 1} 
|, where e (2s+ i) = 



A/ 
2 



0. Matrix 



gM j ( see (2-^)) is not a representation at the moment, since q is 



an indeterminate. Using ( 2.26| ) we get: 

(E,v) = (F,v) = 

,±Af 



±1 
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Hence 



n vt (E)e' {l) = 0, 
lMF)e' (l) - 0, 



t = 0, i, 1, . . ., i = 0, 1, . . . , It. Thus for w = v l © u s we have 

n.^ 1 ) e' (i) <g> e W) = {K± l y^K* 1 ,u s ) e' (i) ® e a) 
= 5± 2(( a -j)+M(t-i)) e ' (i) ®e W) , 

Rw(E) e' {i) ®e -) = (isT y)(£ ,u s ) e' (i) <g> e (i) 

= gl+2M(t- i)[2s _ i + i] e' (i) ®e a _ 1); 

n^(F) e' w (8)e a) = (/ , , u s ) e' (i) ® e (i) 
= + 1] e' w <g> ey+i) , 

i = 0,l,...,2i, j =0,1,..., 2s, ( = 0,1,1,..., s = 0,|,l,...,f -\. 

Using mathematical induction we can prove that {E k ,u® 2s ) = for 2s < k. 
In particular we have 

M 



(£W , u s ) = for s < 



In analogous way we get 



( F (M) =0 fors< y . 

Using formula (a + 6) M = ^ct^cfW^) where ba = ^ 

we get 

SM-1 r(M-r) \ 

" 4 —E r K M ~ r ® E M - r + K M ® E^ + E^ ® / . 



1 } \L [r]\[M-r}\ 



(2.27) 

In virtue of ( pJ2fi| ) 



Using the formula {E r K M ~ r ,v) = for r = 1, . . . , M - 1, ( ^27| ) and doing 
some computations, we get 



m — 1 times 
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2t — m times 



Let us now specialize g to be a root of unity of degree N > 3 (cf p[). Let 
M = -/V . Doing similar comparison of coefficients as in ( gj| ) and ( p4| ), we 
get 

n t , t (^))e' (l) = gl^o-^o 2 ( 2 f _ i + l) e ' ( ._ x) , i = 0,l,...,2i, 
IM*" (W °V W = g-l^o (z + l)e' (4+1) , i = 0,l,...,2i, 



where t = 0, |, 1, Thus for w = v l © u s we get (cf fj~27|)): 



n tt (E(^)) e' (i) ®e w = (£W>> ,v*)(I,u') e' (i) ®e {j) 

= q-* N °- iN H2t-i+l)e[ i _ l) ®e {j) , 
n w (F^) e' (i) ® e - } = (fW , w*)(A-^ , U s ) e' (i) ® e (j) 

i = 0,l,...,2t, 3 =0,1,..-, 2s, i = 0,±,l,..., s = 0,|,1,. 



JVo _ 1 
2 2 



Comparing with representations of Q (in the case of N odd as in Q]) we 
infer that w is isomorphic to the representation L q (N2s + 2b). Irreducibility of 
the obtained representations is related to the Lemma 6.1 of 

A. Basic concepts 

Here we recall the basic facts concerning quantum groups and their representa- 
tions (see 0). 

Let (A, A) be a Hopf algebra. We set A^ 2 ) = A, 

A (n) = (A <g> id <g> . . . <gi id) A (n - 1} , n = 3,4, . . . . 

Let K be a finite dimensional vector space over C and ei, . . . , e<j € if its 
basis. Then B(K) ® A = B(C d ) <g> A Si M d (A). 
One can define a linear mapping 

© : M N (A) x M N {A) — ► M N (A ® A) 

by 

(uQ«;)y = ^ ® tojy , i, j = 1,2, ... ,7V . 
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An element v G B{K) ® A is called a representation (in the carrier vector 
space K) of a quantum group corresponding to a Hopf algebra (A, A, n, e), iff 

(id® A) v = vQv , (A.l) 
(id <g> e) v = id . (A.2) 

One can use the shortcut representation having in mind the above definition. 

Let v and w be representations, K v and if™ be its carrier vector spaces. 
An operator S G B(K V ,K W ) such that 

(S ® I) v = w (S ® I) 

is called a morphism (intertwiner) of representations v and w. 

A set of morphisms intertwining v with w is denoted by Mor(t>, to). 

Representations w and w are called equivalent iff Mor(v, w) contains an in- 
vertible element. Then we write v w w. 

One can define a linear mapping 

© : Mjv(^) x Mat/ (A) — Mjviv'(A) 

by 

{v©w) ikijl =VijW k i , i,j = 1,2, ...,N, k,l = 1,2, . . . , iV' , 

where w G Mat (A), weM^^). 

One can check that if w and w are representations, then u © u> is also a rep- 
resentation. We denote w ® fc = t; © . . . © v (fc times). 

Definition A.l. A functional h G A' is called a Haar functional of a quantum 
group (A, A) if h(I) = 1 and 

V a G A (/i®id)Aa= (id® h)Aa = h(a) I. (A.3) 

One has h(u) = for any irreducible representation u different from I. 

B. Quotient representations 

Here we investigate the quotient representations and the operation . 
Let u G B(K) (g> Abe given by 

R 

u = ^ m r ® u r , (B.l) 

r=l 
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where K = and mi, m.2, . . . , ran G B(K) are linearly independent as well 
as ui, U2, ■ ■ ■ , u/? G A. One can introduce a linear mapping u : K — » if <g> A 
given by 

V x G if « = m r x ® M r . (B.2) 



r=l 



This is the formula (2.7) in 10 . u corresponds to u, because B(K,K <g> A) and 
B(K) A are canonically isomorphic. 

Proposition B.l. Let (A, A) be a quantum group with a counit e and u G 
M]\f(A). Then the following three statements are equivalent: 

1. u is a representation of (A, A). 

2. For each x G K i) (id ® A)ux = (u ® i<i)ux, 

(id <g> e)u cc = a;. 

Pro of. The equivalence of (AT) and i) is proved in Jl(J. The equivalence 
of (|A.2j ) and ii) can be proved in a similar way. Q E D 

Let u be a representation and K be its carrier space. We say (as in |Tof ) 
that L is u-invariant subspace if and only if 

u(L) c L® A. 

Then the element ui G B(L) ® A corresponding to the restriction ui : L — > 
L ® A is a representation acting on L. 

The embedding L K intertwines ui with u, m is called a subrepresen- 
tation of u (cf J10|). 

Definition B.2. Let u be a representation, K its carrier vector space, LcK 
u-invariant space and let v = U| . Let [x] G be an element of the quotient 

space and x G K a representative of the class. The representation w given by 

R 

V x G K w[x] = [m r x] (8> u r , (B.3) 



is called a quotient representation and is denoted by u / v . 

Doing some easy computations one can prove that the quotient represen- 
tation w is uniq uely determined and that it is in fact a representation (use 
Proposition B.l). 
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Let us define a mapping 

, , / completely reducible \ . N 

: (representations) > \ ^ (B.4) 

v ' \ representations / x ' 

as follows 

1. If it is an irreducible representation, then u = u. 

2. If v is a subrepresentation of it, then we set u = v © ( u / v ). 

Proposition B.3. Let u be a representation of a quantum group (A, A). Then 
the representation u is uniquely determined up to an equivalence. 

Proof. We first notice 

Tr u = Tr u . (B.5) 

Then let 

uKiv 1 ®...®v k (B.6) 
be a decomposition of u into irreducible components. Hence 

Tr u = Tr v% + . . . + Tr 

and (Tr i k are linearly independent if Vi are nonequivalent irreducible represen- 



tations) ( B.6 ) is uniquely determined. Q E D 

Let us introduce the notation 

© = ~ ° © ■ (B.7) 

Proposition B.4. Let u, v be representations of a quantum group, such that 
Tr u Tr v = Tr v Tr u and v (j)u is irreducible. Then v © u ~ u © w. 

Proof. One has 

Tr (it © i;) = Tr (it v) = Tr it Tr v — Tr i? Tr u — Tr (u u) — Tr (w®b), 

which means that u © v « u © it. The representation i> © it rj w © it is irre- 
ducible, therefore the representation it u is irreducible. Thus one has m®d» 

Q.E.D. 

One has it © v « u© ? for any two representations it, w (trace of both sides 
is the same). 
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